CONTRIBUTIONS TO THE THEORY OF MULTIVARIATE
STATISTICAL ANALYSIS*

BY
WILLIAM G. MADOW{

The increasing application of statistical methods in the social sciences has
resulted in the consideration of hypotheses more complicated that those for
which the theory of univariate statistical processes and the elementary theory
of multivariate statistical processes suffice. One cause of the complications
may be found in the fact that in the social sciences the results of an experi-
ment are frequently vectors of several components rather than of one com-
ponent. As examples we may note that the prices and quantities of a given
commodity in p localities are vectors of p components, and that mental traits
are generally tested by batteries of tests and not by a single test. Although
the replacement of these vectors by some function, say an average, of their
components is adequate for some purposes, yet in certain situations, any such
function may be shown to be unsatisfactory. The fact that vector variates
must then be analyzed requires the construction of a statistical theory which
will facilitate that analysis.

For the normal multivariate distribution, the only distribution for which
results have been obtained, the beginnings of that theory may be found in
the fairly intensive study, since Gauss, of least squares and multiple correla-
tion, which culminated in the derivation by R. A. Fisher in 1928 of the distri-
bution of the multiple correlation coefficient when the correlation parameter
is not zero.} The general theory of vector variates has been developed since
1931. It has included the analysis of variance of a vector variate and the
theory of relations between sets of variables. Hotelling derived the distribu-
tion of the generalization of Student’s ratio§ in 1931. Distributions of statis-
tics occurring in the generalized analysis of variance were derived by Wilks||
in 1932. In 1936 Hotelling stated and solved a general problem in the theory
of relations between sets of variables. We continue this analysis.

* Presented to the Society, March 26, 1937; received by the editors October 7, 1937. §2 was read
before the Institute of Mathematical Statistics, December 27, 1936; §3 was read before the American
Mathematical Society under the title, The generalized analysis of variance.

t This research was done under a grant-in-aid from the Carnegie Corporation of New York.

t See [13]. The number in the brackets refers to the bibliography at the end of the paper.

§ See [18].

| See [34]. Other contributions to the theory are given in [2], [3], [24], [36], [37], [38].

9 See [20].
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In §1 there are given certain definitions and notation which are used
throughout the paper.

In §2 we prove several theorems,* the purpose of which is the establish-
ment of a routine method of obtaining the distributions needed in multi-
variate analysis.

In §3 the theorems of §2 are employed to obtain some of the basic dis-
tributions of the theory of vector variates. As illustrations of the uses of the
methods, we examine the theory of generalized periodogram analysis,f derive
the joint distribution of g2 and z,{ and the joint distribution of the two canon-
ical correlations which exist when one of the sets contains two variables and
the other set contains at least two variables, under the assumption that not
more than one canonical correlation parameter differs from zero. We also
analyze the generalized covariance, the tetrad difference,| and other statistics
occurring in the theory of relation between sets of variables.

It will be noted that the variables are rarely expressed as deviations from
a mean or regression function. This is permissible since Theorem 7 enables us
to assume that those functions have been eliminated. Thus, if #»’ is the actual
sample number, and if the mean value of the chance variable is a linear func-
tion of p parameters, then #, the sample number in terms of which our for-
mulas are expressed, is equal to #n’ — p.

1. Definitions and notation. The following definitions and notation will
be used throughout this paper unless explicit statement to the contrary is
made.

If used as subscripts or superscripts, or as indices of summation or multi-
plication, the letters 2, 7, £ will take on all integral values from 1 through p;
the letters g, # will take on all integral values from 1 through 7 —1, the letter »
will take on all integral values from 1 through #, and the letter vy will take on
all integral values from 1 through m. We shall denote by p, the sum
Mot - - A, (po=0).

The notation 4 X B, will be used for the combinatory productq of the two
sets A and B. We shall write A2 for 4 X A. Thus, if we denote by R! the total-
ity of all real numbers, then R is the totality of all sets of » real numbers.
If V is a subset of A XB and b is an element of B, we shall denote by V(b)

* These are more fully described in the first few paragraphs of §2.

1 For a discussion of the Schuster periodogram in one variable, see [14] and [17].

1 See [20], p. 333. These statistics are measures of the degree of dependence of sets of chance
variables.

|| M. A. Girshick has obtained some of these distributions under slightly less general conditions
by other methods. They have not, as yet, been published.

9 That is, A XB is the set consisting of all pairs (@, b) where a is an element of 4 and b is an
element of B.
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the totality of elements @ of 4, such that (a, b) is an element of V.
If xi, xo, - - -, x, are chance variables* with the distribution functiont

P(&y, &y - - -, £4), and if
En t2 &
(1'1) P(Ely 2N 7£n) =f f f(xl, Xy * v - ,xn)dxldxz...dx"’

where f(x1, - - - , %.) is a real single-valued non-negative summable function of
the » real variables x4, - - - , %, defined on R*, then f(x,, - - -, x,) is called the
probability density of the chance variables x, x5, - - - , x,. If #=p, and

P(EI’ T En) = H P(Epv—1+l) ) Ep-,)’
k1

then the sets of chance variables x,,_.41, - - - , X,, Will be said to be independ-
ently distributed. The symbol D(x, - - - , x.) will stand for “the probability
density of the chance variables} xy, - - -, x,.”

It is easy to see that if a set of chance variables has a probability density,
then any subset of them will have a probability density. Furthermore if
X1, X3, * * , X, have a probability density and if # = p.,, then a necessary and
sufficient condition that the sets of chance variables x,,_,41, - - -, x,, be inde-
pendently distributed is

D(xy, -« , Xp) = H DXpyortts " * 5 Xpy) -
y .

If ¢(xy, - - -, %,) is a measurable function§ of x,, - - - , x, on R", then the
symbol E{¢(x, - - -, x,)} will stand for “the mathematical expectation of
¢(x1, - - -, x,),” and, by definition,

8{¢(x1: T ’xn)} =f e fR"¢(xh ] xn)dP(xly ] xn)’

* For definitions of chance variables, see [7], p. 8 and [21], p. 20. Unfortunately there are
differences in the terminology used in papers in statistics and in probability. To avoid confusion,
one must remember that variate, statistic, and chance variable are synonyms, as are probability
density and distribution. Writers on statistical subjects sometimes use the term cumulated distribu-
tion for distribution function. It is particularly to be noted that the term distribution function in the
literature of the theory of probability is the integral of the distribution referred to in papers on the
theory of statistics.

T For all sets of real numbers &, &, * * -, &, the probability that x; <&, x:<&, * * + , Xa<fa is
given by P(&, &, * * *, ). For a discussion of probability density and distribution function, see
[7] and [21].

1 In using D we, of course, assert that xy, « + - , x» are chance variables and have a probability
density.

§ We will usually extend the domain of definition of functions defined on a subset of R” to cover
the set R” by setting the functions equal to zero outside their original domain of definition.
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where the integral on the right-hand side is a Lebesgue-Stieltjes integral.*
The positive definite quadratic forms ¢ and ¢, will be defined by the equa-
tions
g =2 oz,
Wi
and

Qv = 2 U'invxi'y
1%

respectively. The matrix of ¢ and ¢, will be denoted by (¢-*). The determinant
of (¢—!) will be denoted by o—!. The inverse of (¢~!) will be written (s), and
the elements of (¢) will be denoted by ¢;, where ¢; is the cofactor of ¢ in
o~! divided by o~1. The determinant of (o) is, of course, o.
The function N(x; ¢) will be defined by the equations
N(z;¢) = (2mc)~V% exp [— x2/2c], — o0 <x< ©;0<c,
N(x;¢) =0, — o << w;¢c=0.
The functions N((x); (¢)) and N((x,); (o)) will be defined by the equa-
tions
N((%); (0)) = @mo)2exp [~ ¢/2], — o <2< o,
N((%); (0)) = (2mo) 2 exp [~ ¢./2], — o <x: < .
Of course the elements ¢;; may assume any values as long as the requirement
that ¢ and ¢, are positive definite is satisfied.

If D(x) = N(x; 0%), then x will be said to be normally distributed with vari-
ance o2 or to have a normal distribution with variance o2 If D(x;, - - -, x,)
=N((x); (¢)), then xy, - - - , x, will be said to have a normal multivariate
distribution.

The function G(x; #, ¢) will be defined by the equations

G(0;0,¢) =1, — o0 <¢c< w,
G(x; n, ¢) = [[(n/2)](2c)2x"/*" exp [~ x/2¢],
0<r<0;0<n<®0;0<c< ™,
and G(x; n, ¢) =0 for all other values of x, n, c. The function G(A; #, ¢) will
be defined by the equation,

G(\; n, ¢) =f 22G(x; n, c)dx, A= —n+41.
0

* If a measurable function y=¢(x1, - - - , x») has been defined, we shall mean by y the function
¢(X1, ) xn)*



458 W. G. MADOW [November

Then it follows that
— T N)/2
G()\; n, C) = (26))‘/2 M .
I'(n/2)
If D(x) =G(x; n, 1), then x will be said to have a x? distribution with » de-
grees of freedom. In that case the distribution of x/2 will be said to be an
incomplete I'-function distribution of index #.
The function D((x); (»)) will be defined by the equations

I'(n/2 2
D((x); (m)) = T(:;‘/(—n)/_Z)( IT xe""“) (1= 2= = ay)mnli,

O<zmi+---Fzx, <L1=Z=n,n=n4+- 4 0y,
and D =0 otherwise. The function D((\); (#)) is defined by the equation,

s = [ o [T (T arr) D0 - a3,

0<zp <z
Then letting A=X\,+ - - - +\,, we find that

T'(n/2) ﬁ T'((n: + N)/2) )
(= +N)/2) =« I'(n:/2)
If D(xy, - - -, xp) =D((x); (n)), then xy, - - -, x, will be said to have an in-
complete Dirichlet distribution of indices #,, S . If p=1, then x; and
x; will be said to have an incomplete B-function distribution of indices 7,
and 7..

2. General theorems. One of the most important theorems of univariate
statistical analysis is that which states necessary and sufficient conditions
that a set of quadratic forms in normally and independently distributed
chance variables be themselves independently distributed with a joint proba-
bility density which is a product of x? distributions.*

The fundamental part of this theorem may be stated as follows:

D((N); (m) =

TrEOREM 1. (Cochran’s theorem.) If %1, %2, - - - , X, are normally and in-
dependently distributed, with zero means and unit variances, if qi, gz, - * * , m
are quadratic forms in x,, xa, - - - , %a, With constant coefficients such that

(2.1) 2 g = 2%,

¥ v
and if the rank of qy is n,, then a necessary and sufficient condition that there
exist n linear functions with constant coefficients,

* The theorem is stated by W. G. Cochran [6], p. 178, and essentially stated by R. A. Fisher
[12], p. 97. '
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(2.2) By = D Cully, u=1---,n,

which are normally and independently distributed with zero means and unit vari-
ances, and are such that

»y
(2.3) Z z} = qy,
y=py—1+1
is*
(2.4) Pm = 1.

The necessity of the condition (2.4) is obvious. For a detailed proof:of
the sufficiency of the condition, the reader is referred to [6], p. 178. It may
be remarked, however, that the proof depends on the fact that in reducing
the ¢,’s to sums of squares, the # linear functions thus obtained must be
linearly independent or contradict (2.1).

In this section we prove several theorems by means of which many prob-
lems in multivariate statistical analysis may be solved. Of these, Theorems 7,
8, and 9 are generalizations of the Fisher-Cochran theorem.

A problem of statistical analysis may be formulated in the following way:
If the distribution of several functions of certain chance variables has been
derived, then what is the distribution of the same functions of other chance
variables?

As an example of this problem we may cite the extension of the distribu-
tion of the multiple correlation coefficient of variables having a normal multi-
variate distribution with zero multiple correlation parametert to the distri-
bution of the multiple correlation coefficient of variables having a normal
multivariate distribution, the multiple correlation parameter of which need
not vanish.}

In Theorem 2 the problem is solved under fairly general conditions. In
particular the problem is solved when the functions are sufficient statistics§
for both sets of chance variables. Various properties of sufficient statistics
are then studied in Theorems 3 and 4 in order to determine to what extent

* The algebraic content of this theorem may be stated as follows: If the real quadratic forms
@, Q2 * s m N X1, Xay ¢+ ¢ -, Xn arE SUCK thatz.,q., =3 %2, and if the rank of q, is n,, then a necessary
and suﬁctent condition that there exist an orthogonal transformation z ,=p 4%, (w=1, + - - , n), such
”thv-P‘v-rH" =gy, IS pm=nt.

t This distribution was derived by R. A. Fisher. See [10], p. 91 and [11], p. 811.

1 This distribution was derived by Fisher four years after the appearance of the preceding dis-
tribution. See [13], p. 660.

§ See [28], §4, for a general definition of a system of sufficient statistics.
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the possession of a set of sufficient statistics defines the underlying chance
variables and to derive an expression for the probability density of any sys-
tem of sufficient statistics.

In Theorem 5 we show that certain useful transformations may be treated
as though they were the results of iterating linear transformations.

Frequently, in statistical investigations one is confronted with the neces-
sity of finding distributions subject to the condition that certain variables are
held constant or the condition that the effect of certain variables be previ-
ously eliminated. In such cases one must learn if the distributions obtained
are functions of the values of the variables held constant and of the distribu-
tion of these variables. In Theorem 6 we shall provide a means of obtaining
this information in situations which essentially depend on the normal
distribution.

The following well known lemma will be used in the proofs of Theorems 2
and 4:

LeMMA 1. Let the real single-valued Borel-measurable* functions

(2.5) yi = gi(%1, - -+, %)
be defined on R, and lety(yy, - - - , ¥p) be a single-valued measurable function of
Y, -+, ¥p defined on Rr. Upon substituting from (2.5), it is seen that
Y0, - -, ¥p) s a single-valued measurable function, ¢(xy, - - -, %), of
X1, © 0, X

Then, if x1, - - -, xa are chance variables, it follows that y,, - - - , y,, where
yi=gi(xy, + - -, Xa), are chance variables and

8{'¢(y17 T y.YP)} = 8{4’(7‘!) Ty xn)} .

A proof of this Lemma is given in [21], p. 35. A similar result is true when
the functions (2.5) are measurable. It is noted that if

Y(y1, - -, ¥p) = exp [zZ timi(yy, - 0, y,,)],

where u; is a real single-valued measurable function of yy, - - -, ¥,, then we
have the following equation, which is often used in applying the Fourier
transform theory in the derivation of probability densities,

E{exp [z; thi(xy, -, Xn)]} = 8{CXP [1; tinilyy, - - - ,.Vp)]} )

* For a definition and discussion of Borel-measurable functions, see, for example, [31], chaps.
1,2,3.
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where N;j(xy, - - -, x,) is the real single-valued measurable function of
%1, -+ -, % obtained by substituting from (2.5) in ;.
THEOREM 2. Let

D(xy, -« -, Xa) =f(x1:' ©ty %),
and let
Dx{, -, %) =F(x{, -+, %),

where F vanishes whenever f vanishes. Let the real single-valued Borel-measurable
Sfunctions yy, - - -, ¥, be defined as in (2.5), and let y{, - - -, y, be the same

Sfunctions of x{ , - - - , %, that y, - - -, ypareof ®y, - - - , Xa. Suppose that, when
we substitute for y; and y! ,

(2.6) JQ@y ey @n) = Ry, - -y p) W&y, - oy %)

and

2.7) F(af, -, a0) = K(yl, -, 95) Ui, -, 2).

Then if

D@y, - - - yYo) = h(y1, -+, ¥p),
it follows that
KOy, -, 90) by, -, 9,
D, - ,yl) = (y1 ’Iyp) ()’1’ ¥s)
k(yl" T 7yP)
where D(y{, - -+ ,y4 ) =0, whenever k=0.
Proof. For any Borel-measurable set 4 of R?, let
K(yl” ) yp')

if ¢, -+, 97 is an element of the set 4 and k(y{, - - -, y/)0, and let
Yay!, - -, 94)=0 otherwise. Also let

F(af, -, %)

#’A(yl," s ’ypl) =

¢ -1 x' “ e x”' =

S FTSR

if #f,- -,/ is an element of 4~ and f(x{, - - -, x. )0, where A~!is the
set of values of x{, - - - , x4 such that* y/ ... 4, is an element of 4, and
let pa1(xf, - - -, xd) =0 otherwise.

Then, from Lemma 1, for all Borel-measurable sets 4 of R?

* The fact that y1, - - - , y5 are Borel-measurable functions of «{ , - - - , %, causes A 1tobe a
Borel set of Rn.



462 W. G. MADOW [November

K, - - Bty - - -,
f f (1 p) (1 p) 1"'dt,,
k(tly ":P

=f DY F(xl, D] ) x")dxl “ o o dxn.

A-1

Since the integral on the right is equal to the probability thaty{, - - - ,y, is
an element of 4, the theorem follows from (1.1).

As an example of the possible uses of Theorem 2, let us consider the der-
ivation of the joint distribution of variances and covariances of chance varia-
bles which have a normal multivariate distribution.*

Hotellingt has, by a simple geometric argument, obtained the joint dis-
tribution of sample correlation coefficients when all the “true” correlation
coefficients are zero. In this case, it is known that the variances are independ-
ent of the correlation coefficients.] We may therefore state Hotelling’s result
more generally as follows:

Let D(xu, - - + , Xpn) =1L, I,V (xr; 1). If
erivxiv

2
a; = Xiv e = —————
3 ; ) i3] a‘llza,.l/z )
then
D(al, crcy@py iyttt tp—l.p) = gD /iy (n=piD/2-1 HG(af; n— j + 1; 1))
i
where

1 r1i2 " T1p

712 l ce Tap

Tip Tip- - 1

We are able, by means of Theorem 2, to extend Hotelling’s result to de-
pendent chance variables.

Let D(x,, - - - , %) =L,V ((%.); (). If a!, 7}y, and &’ are the same func-
tions of x,, - - -, %), that a;, 7;, and w are of &y, - - -, %p,, then

’ v ’ ;
D(ay, -+, ap riz, " * , p_1,p) = 2—pnl25—p(p—1) /4g—n/2,/ (n—p+1)/2—1

1 1 7 2.
{ H [I‘((n -7+ 1)/2)]—10’1.7./2—1} -exp [_ 7 Z aiif‘.ia‘.lmail/z].
i 7

(2.8)

* This distribution was first found by J. Wishart [39], p. 38, and [4], p. 270.

t See [19], p. 519.

t An analytic proof of this statement and Hotelling’s distribution is readily obtained by means
of Theorem 8.
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This conclusion is immediate when one considers that in the notation of
Theorem 2, I(xy, - - -, %pn) =U(xy, - - -, %,,) =1,

k(aly R 2 T4t T rp—l.P) = (2‘”')—1"‘/2 €xp [_ %((11 + -+ a?)]

and

K(aly s Apy Tyttt r?—l.p) = (277)_1’"/2‘7_”/2 €xp [— _;— E aiir'.’.a‘.lﬂa,l/‘b’].
17
The transformation into variances and covariances is obvious.

The chief reason for the introduction of the following theorems on suffi-
cient statistics is the desire to learn to what extent the requirements that
(2.6) and (2.7) are satisfied restrict the applicability of Theorem 2. We will
show, in the corollary to Theorem 3, that at least for sufficient statistics, using
the definition based on (2.9), the chief value of Theorem 2 is that it permits
the extension of probability densities derived on the assumption that certain
parameters have fixed values, to probability densities which are functions of
the values of those parameters just as in the preceding example.

Let the chance variable x, have a probability density f(x,, 61, - - -, 6,),
(¢ <n), which depends on several parameters, 6y, - - - , 8,, and let the chance
variables x;, - - - , x, be independently distributed. Let the real single-valued
Borel-measurable functions vy, - - - , ¥, be defined as in (2.5). If

(29) Hf(xhel) Tt ;aq) = k(yl’ ) ymolr T ’oq)'l(xh ) xn))

where E(yy, - -+, ¥p, Oy, - - -, 8,) and Uz, - - -, x.) are real single-valued
measurable functions of their indicated variables, theny,, - - - | y, are called
a sufficient system of statistics® with respect to the estimation of 6, - - -, 6,.
Now let the chance variable x, have a probability density F(x, , Ay, - - -, \,)
which depends on several parameters Ay, - - - , \,, and let the chance variables
x{, -, x, beindependently distributed.
The question suggested by (2.6) and (2.7) is the following: If

HF(xV,)xl;"' ’)‘8) =K(y1,7 ’yp,)xly"' ,)\,)'l'(x{,--- )xnl)’

where the Borel-measurable function y/ is the same function of x/, - - - | x,
that y;isof #y, - - - , ., and where K and !’ are real single-valued measurable
functions of their indicated variables, then what is the relation between
D(x,) and D(x/)?

The answer to that question is contained, for the absolutely continuous

* Sufficient statistics were first defined by R. A. Fisher; see [9], p. 319. Also see [26], where
certain definitions of sufficient statistics are compared.
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statistics and probability densities, in the corollary to the following deriva-
tion of the form which D(x,) must have in order that a system of sufficient
statistics exist.*

THEOREM 3. Let f(x,, 61, - - -, 0,) be a non-vanishing continuous function
of %,, 0y, - - -, 0, 0m an open subsett V oft R'X R4, and let f be an absolutely con-
tinuous function of x, on V(62, - - -, 02) for every set of fixed values, 62, - - -, 09,

of by, - - -, 0,9n ©. Set D(x,) =f(x,, 4, - - -, 0,), and assume xy, - - - , x. to be
independently distributed. Let (2.9) be satisfied, it now being assumed that y;
is an absolutely continuous function of x, on an open subset B of R’ containing
A, for fixed values of %y, - - - , %1, Xyy1, - - -, Xa. If we assume that the jacobian,
J(8y, - -+, 8,), where

a(y1, - -, ¥p)

TGry e, 8y) =
(1 ’ ") a(xﬁ"" )x6,)

’

does not vanish on (B—2Z)", where Z is a closed set of measure zero, for any of
the Cp possible selections 6y, - - -, 8, of p of the positive integers 1, - - - | n,
then there exists an open subset V' of V such that the measure of V—V' is zero,
and J(8y, - - -, 8,) does not vanish on any of the set [V'(8y, - - - , 8,) ] for all
possible sets of values of 8y, - - -, 8,. Furthermore, at each point x,00, - - - , 02
of V', there is neighborhood N =w =r, where the definitions of w and r are

w | x— x| <h, reo |6, —69] < ki i=1,--,q,

in which there exist real single-valued absolutely continuous non-constant func-
tions aj(x,) and v(x,) of x, and real single-valued continuous functions
B,’(Bl, Ty, 0,) and 6(01, cety 04) Of 01, ety 0.1, such that in N

f(xl'y 0y, -+, oq)

= €xp I: Zai(xv)ﬂi(oly T 7011) + 7(xv) + 6(01; T 7041)]'

i

(2.10)

Proof. It is easy to see that if we define V' to be the intersection of ¥ and
(B—Z)X©, then V' is open, and the measure of V' —V"' is zero. Now let the

* The result (2.10) has been obtained by Koopman and Darmois. See [23], p. 402 and [8],
p. 1265. I have not been able to obtain the corollary to Theorem 3 from Koopman’s proof, which
depends on a definition of sufficient statistics that includes the definition based on (2.9). It may be
remarked that Koopman needs only the continuity of the functions y; whereas absolute continuity
is assumed in Theorem 3. The proofs of Theorems 3 and 4 are generalizations of proofs for p=¢=1
in (2.9) given by Doob in an unpublished seminar lecture at Columbia University. R. A. Fisher
has derived Theorems 3 and 4 in cases which are specializations of those here treated. See [15].

1 The totality of elements in the sets V(8,, - - -, 6,) will be denoted by 4.

t The values of x, are elements of R!, and the values of 6y, - - - , 8, are elements of an open sub-
set © of R9.
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neighborhood N be defined as in the hypotheses. Then the difference,

Z [logf(x.., 01) te ,0,1) - logf(x'; 01’1 e :Oq,)]’

is a real single-valued continuous function of the variables x,, - - - ,x,,
01, -+ ,040/,---,0;,0nw"Xr?and is absolutely continuous in , for fixed
values of the other variables. Hence the equation

3

[lOg f(xn 0y, -+, oq) - log f(xv: 01’, T 01’1)]

Xy

6y.- ad
=y 2L

s 0%, 0y;

[log k(yly R ymal’ t yoq)

—Ing(yl, T ymol’) o ':041,)]

is valid throughout w®X72. Letting §;=j+11in J(8, - - -, §,), which involves
no loss of generality, we see that the equation

i)
g[logk(ylr""ymob""oq)_logk(yl""7ym01,""’0§1’)]

1 F

= Z Qi [logf(x,,, 01, -+ ,0,) — log f(,, 6, -+ )011')],
u=2 CEA

where the a,; is the cofactor of dy;/dx, in J(2,---, p+1) divided by

J(2, -+, p+1), is valid throughout w»Xr2. Upon assigning fixed values,

o, -, %0, 0{% - -, 0/° from w*1Xr to xs, - - -, %, 0{, - - -, 6], we find

that the equation

i)
(2°11) _a—x— lOg f(xl’ 01) T ’oq) = h(xl) + Z ai(xl)ﬂi(oly ] 04))
1 i

where
h(xl) = f(xl’ 01/0: et 1041’0))
ay;
ai(m) = 2 —— aus,
i 0x
(2.12) ]
ﬁi(al) T oq) = 9% [logf(xi+l) 0y, - - ’oq) - logf(x,-+1, 0{01 tte )04110)])
+1

[
Yit1 = Xjt1,

is valid throughout wXr. Then (2.10) may be obtained by integration of
(2.11).
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The absolute continuity and continuity of the functions may be easily
proved. Obviously, if (2.10) is valid for all possible values of x,and 6y, - - - , 6,,
then the statistics, ) ,«;(x,), are a sufficient system of statistics with respect
to the estimation of 6y, - - -, 6,.

It is clear that a theorem similar to Theorem 3 may be proved for multi-
variate distributions.

The answer to the question of the relation of densities determining the
same sufficient statistics is contained in the following corollary:

COROLLARY. Let

D(xl') = f(x': 01) B 04)’
D(x',) =F(x::>‘17 T )‘s)’

and let f and F not vanish except on a set of values of x of measure zero for all
values of O, - - - , 0, and \y, - - - | \, considered. Assume that D(x,) and D(x))
satisfy the conditions of Theorem 3, the statistics y{, - - -, y, being the same
functions of x{, - - -, x, thaty,, - - - ,yp,areof x1, - - -, Xn. Then in N and N',
when N' is a neighborhood of values of x',\, - - - , \, satisfying the conditions of
Theorem 3, the x’ values of N' being those of w, the equations (2.10) and

F(x»{;)\l;"’ ’)‘:)

(2.13) = exp [ 3 ai(®)BI Oy - - 3N 4 B Oy, 5 A + ¥ () )]

)

are valid; hence D(x,) and D(x; ) differ only in the functions v, B8, B; and v, B’,
B/!. Furthermore if

V(xy, ooy %) = U210 -+, %),
then v(x) =v'(x), any constant difference being eliminated by means of 8 and B’.

The proof is omitted. It depends on (2.12).
We now assume (2.9) to be valid throughout R*X® and find the joint
probability density of the sufficient statistics ¢u, - - - , ¢, where

1
¢; = — Zai(xv)-
n

Integrating f with respect to x, we note that B(6y, - - -, 6,) is a function
8(By, - - - , Bp) of the values of B1(0y, - - - , 0,), - - -, Bp(y, - - -, 0,), defined by
the equation

e 16, 89) = [ e[ Tealion -+ 100 + 402 | .

—00
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THEOREM 4. Let D(x,) be given by (2.10) for all x, except on a set where
D(x,) =0. Then

D40 = @0 [ [ exp| it = w8

it it
+na<ﬁl+—'70",ﬁp+—)]dtl"'dtp-
n n

Proof. Since, by Lemma 1,

clon 1210 - el [0 B2,

it follows that

B{exp [z; t,¢,-]}

it ¢
=exp[—n§(ﬂl,.-.’ﬁp)-l-n&(ﬂl-l-%’.,,,ﬁp_'_zl’)]

”

Then the proof is completed by using the Fourier transform theorem.*

One of the uses of Theorem 4 is to find thé distribution of statistics which
are functions of sufficient statistics, and which may, in fact, be an equivalent
set of sufficient statistics.} It is easy to see that

a
E{ai(x)} = 8_3';'6(31: Tty ﬁp))
and that

oir = E{[ai(x) — E{ai(x)}][ar(x) — Efar(x)}]} =

aﬂ,ﬁﬁ (ﬂl: "5ﬂp)°

The purposeof the following theorem is to make possible the simplification
of our proofs of Theorems 6, 7, and 8.

THEOREM 5. Let the real single-valued Borel-measurable functions,

(2.14) Yo = fol®1, -+, %), n>1,
be defined on R~. Let y,,_ 41, -+, Yp, depend only on 2y, - - -, %p,, and let
Yoy—141, " " *, Vo, be a linear transformation, having unit determinant, of
Xpy_141, * * * , Xp, for almost all sets of fixed values of %y, - - - , %p,_,, where the

* See, for example, [5], p. 191.
t Two sets of sufficient statistics may be called equivalent if both satisfy equations of the
form (2.9).
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transformation may depend on the fixed values of %1, - - - , %p,_, and n=pm. Then
if A is a Borel-measurable set of values of y1, - - - , Yn, and A~ is the set of values
of Xy, - - -, % Such that yy, - - -, y. is an element of A, it follows that A-! is
Borel-measurable and has the same measure as A.

Proof. The proof is given for m =2. We shall use p for p,. It is well known
that if 4 is Borel-measurable, then A-! is Borel-measurable. Let us denote
by ca(y, - - -, y.) the function which has value one if y,, - - -, y, is an ele-
ment of A and which is zero otherwise. If we denote the measure of 4 by
u(A4), it follows that c4(y, - - -, ¥.) is Borel-measurable if 4 is Borel-measura-
ble, and

wy = [ [ty dn e dy,
R

Now it may readily be shown that if ca(yy, - - -, y.) is Borel-measura-
ble in R"*, and we assign fixed values, y?,---, ¥ to ¥, -, ¥, then
ca(y®, - -+, Y2, Yp41, - - -, ¥u) is Borel-measurable in R*~».* From Fubini’s

theorem, it follows that

ity = [ [ foct o
)

2.15
Yoty * * 5 Yn)BYpi1 - dyn] dy, - - - dy,.

In a precisely similar fashion, it may be shown that

T N I e

Tptly * s Bn)d%pyr - - - dx,.] dx, - - - dxp.

Inasmuch as the linear transformation having unit determinant is measure
preserving, it follows that if our fixed values of i, - - -, x, are determined
by means of the assigned fixed values of yy, - - - , y, and the linear transforma-
tion, then, except for a set of measure zero,

f cet f”_pCA(}’l, Ty Yy Yotly Ty Ya)8Ypi1c c - @Y
R

=f Y f"-pCA—l(xl,... ’xp,xp_'_l’... ’xn)dxp_‘_l...dxn'
R

* See, for example, [31], p. 82
1 See [31], p. 77.
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Since the transformation of x,, - - - , 2, into yy, - - - , ¥, is measure preserving,
the proof is completed by transforming (2.15).

COROLLARY. Let Y(yy, - - -, ¥n) be a real single-valued measurable function of
Y1, * 5 Yn 0n R™ Then y(yy, - - -, ¥,) is a real single-valued measurable func-
tion ¢(x1, - - -, %n) Of X1, + - -, X, on R™ when we substitute from (2.14), and

f ...f'l/(yl,...,yn)dyl...dy”=f ...f—¢(xl’...’x")dxl...dxn.
A e

Proof. If A has finite measure, we may use Lemma 1 to complete the
proof, and if 4 is not of finite measure, we express A as a sum of non-over-
lapping sets of finite measure and then proceed as above.

More general results than Theorem 5 and its corollary may readily be ob-
tained. It is only necessary to require that 4 and A-! be in 1-1 correspond-
ence, to replace the words “a linear transformation having unit determinant”
by the words “absolutely continuous functions with non-vanishing jacobian,”
and to replace the words “and has the same measure as 4” by the words
“and has measure

f l-’l"'-’mdxl"'dxn,
e

where
3y,~

ax,-

J‘Y= ’ i>j=Pv—l+1,"‘,P7~”

Similar theorems may be proved when R" has a completely additive measure
function defined on it,* and the functions (2.14) are measurable with respect
to that measure function.

The theorems stated next are of constant service in the analysis of the
normal multivariate distribution.

THEOREM 6. Lett p=p1+ - - - +pm, let
D(x11, =+ 5 Xpn) = I;I D(Xpryrt1,1,* * * 5 Xpryn)
P =050y =p1+ -+ py,
and assume that a positive integer, yo<m, exists such that for v >,

D(xp’1-1+1.1) ) xﬁ'v.ﬂ) = g‘r(at'i)r

* See, for example, [31], chap. 1.
t In this theorem we do not define p to be m+ -+ « +n..
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where it is understood that g, is a function of all the aij, (4,5 =pya+1, - - -, p))
and a:;=2 xu%;. Let the real single-valued Borel-measurable functions

Yoo = fo(®11, * * + ) Zpn)

be defined on R?™, and let the equations,
L) . ’ ’
Vir = Z Sy (%11, -+, xp'v—l.n)xc‘m t=pya+ 1, -, by,
=1

define a non-singular linear transformation of xa, - « - , Xin tt0 Yir, + + + , Yin for
fixed values of xu, - - -, %p_,.n and each value of i, the transformation being
orthogonal if ¥ >y,.

Then, if

bij = 22 ¥oYir,
it follows that ’
Dy - -+ ¥om) = DO, -, Fprretn): ﬁ DFprrtrty * * * 3 Fprm)s
Y=vet1
where
DFprrortrats 5 Foryan) = gy(8is)
and it is understood that g, is a function of all the bij, (i, j=pia+1, -, p)).

Proof. The functions y;, have been so defined that the corollary to Theo-
rem 5 may be applied.
We come now to the generalizations of the Fisher-Cochran theorem.

THEOREM 7. Let
D@y - -+ 5 xp) = N((); (9)),
and let
D(xizy* ** 5 Xpm) = LI DEusy -+ * 5 Xpw).

Let, for each value of i, j, and v the real single-valued function

(2. 16) bs'i'y = Z lexl'pxiV’

vl
be a bilinear form in x;, and x;, with constant coefficients, and let the matrix of
bq;y be denoted by (d7). Suppose that

(2.17) Z bij1 = XivXijy.
v - v
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Then, if n, be the rank of (d), a necessary and sufficient condition that there
exist linear functions z, of i, - - - , Xin SUCh that D(zw, - - - , zp) =N((3,); (v)),

D(zu, - - -, zp') = H D(zw, - -, Zp)

and
Py
2 ZoZi = bijy
. yempy—1+1
15
(2. 18) Pm = n.

Proof. The necessity of the condition (2.18) is obvious. In order to prove
that (2.18) is sufficient, let =7=1. Then by Theorem 1, there exist » linear
functions (2.2) which have the desired properties. Consider the system of
linear functions

(2'19) iy = Zc‘nxir, M= 1, cee,n,

the coefficients of which are those of the linear functions (2.2). The functions
(2.19) are an orthogonal transformation of the chance variables x;, for fixed 7
and have the desired properties.

CoroLLARY 1. If

(2.20) ny Z p, vy=1,--,kk=m,
and if n= Py, then the chance variables
(2.21) bijy,ziu, Y= 17 ,k;ﬂ=?1+1," n,
have density
k »
(z1r)-v<rl>k'H"-w”«r-"”{ ITII [r(tny — i + 1)/2)]-1}
=1 t=1
k k n
: { I bisr l‘""_”“m_l} exp [— —2 0"{ Db+ X2 Zivziv}],
y=1 1,7 y==1 y=pp+1

where | bijy| is a p rowed determinant for each value of .
Proof. The condition (2.20) permits the use of Wishart’s distribution.*

COROLLARY 2. Let D(xu, -+ + , xpn) =L, N((%,); (0)), and let the bilinear
forms (2.16) have the property (2.17). Then if the linear functions 2, exist for
i=1,---,p;v=1,- -, pn, ond if

D(Zu, ] zp.pm-l) = pIMT:N((z’); (‘7)))

* See equation (2.8) of this paper, or Wishart [39], p. 38, or Wishart and Bartlett [4], p. 270.
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it follows that
B = N — pm—l,

that the complete set of variables (2.19) exists, and that
D(zuy, - -+, zpn) = [I N((2); (o).

Proof. See [6], p. 181.*

In Theorem 7 a direct generalization of the Fisher-Cochran theorem was
considered. In Theorem 8, the generalization is one which permits the use of
more general quadratic forms than could be examined by means of Theorem
7. However, transformations of the chance variable (2.21) such as that of
Wilks [34], p. 484, equation (30), will provide another derivation, by the
moment method, of many of the distributions which we shall obtain, in §3,
by means of Theorems 8 and 9.

THEOREM 8. Let the ny+ns+ - - - +n, chance variables x;,, =1, - - - | p;
v=1, .-, n;), have probability denszty TI7. 105 \N(xi; 1). Let the real single-
valued Borel-measurable function

ni

(2.22) gij = lei’;(xu, Sy Biclin) XX

r—
of xu, - -+, Xin, deﬁned on Rmt---+m be for each pair of values of i and j,
(e=1,---, p; j=1,---, m;), and for almost all sets of fixed values of
Xity  cy Kictyng_yy @ quadratic form in x;1, - - -, Xin; Of rank ni;, and let
(2.23) ;Eq.,—Ex.,, i=1,---,p.
Then a necessary and sufficient condition that
(2.24) Dlqu, * * * @ok,) = f{ ﬁG(Qii; nij, 1)
is
(2.25) f: ni; = n;.

i=1

* It is not difficult to generalize Theorems IT and III of Cochran ([16], pp. 179, 181) by following
the same procedure that has sufficed for the generalization of Cochran’s Theorem II. It may be re-
marked that a necessary and sufficient condition for the satisfaction of equation (3.1) of Wilks
([37], p. 326) is provided by the generalization of Cochran’s Theorem III. The generalizations of
Cochran’s Theorems I and IT are also very useful in the moment approach to the theory of multi-
variate statistical analysis.
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Proof. Necessity. The additive property of the x? distribution suffices; for,
Y% x2 has the x? distribution with #; degrees of freedom, and from (2.22)
and (2.23), D ;L %% has the x? distribution with #n;+#na+ - - - +%im, de-
grees of freedom.

Sufficiency. We obtain the analogue of Theorem 1 for the hypotheses of
Theorem 8. For each value of 7, assigning fixed values to xy, - + - , i1,n;_,,
we obtain from Theorem 1 #; real linear functions

(2.26) 2y = Z c,f,xi,,,

p=1

which are such that the corresponding chance variables have density

II ¥z 1);

v=1

and for the fixed values of xy, « - -, %i_1,n;_,
2 .
Zzi":qii) ]=1,"'7mi)
14

where » runs from #ia+ - - - +#n;,;1+1 through #y+ - - - +#n,;.

The coefficients c,, of the linear forms (2.26) are real single-valued
Borel-measurable functions of the coefficients of ¢;; for fixed values of
Zu, * * *y Fi1m,,. Let ¢, (w) be the same function of the functions

LY} _
“’#V(xll’ ) xi—l.n.’—l)) my=1---,n

that c;, is of the coefficients of the quadratic form having constant coeffi-
cients. Since Borel-measurable functions of Borel-measurable functions are
Borel-measurable, it follows that the functions

Viv = zir(xlly Tty xin.’)
ng .
t
= Z Cur("")xiu
=1
are Borel-measurable functions of xy, - - -, %i,,. For almost all sets of fixed
values of xy, - - -, Xi1,n;_y, it is clear that y;, - - -, ¥i,, is a linear orthogonal
transformation of x;1, - - - , #:,,. Hence the hypothesesof Theorem 5 are satis-

fied. Furthermore, the functions y;, have been so defined that
2 .
Zyi":qii) ]=1"")mi,

where » runs from #y+ - - - 40,141 through #,+ - - - +#,;. Then by the
corollary to Theorem 3, it follows that
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P ni
Dy, - -+ ’.YPn,,) = H HN(yt'v; 1),

[ 0

and the proof is completed by using the additive property of the x2 distribu-
tion.

THEOREM 9. Let D(xy, - - - , Xpn) =] [ N((%,); (0)). Let m= - - - =n,=n
in Theorem 8, and let the functions (2.22) satisfy (2.23). If, for some i and j,
o150, let Yii(qu, - - -, Gom,) be a real-valued Borel-measurable function of its
indicated variables such that

Viilqu, * 5 Qomy) = D Toki.

Then a necessary and sufficient condition that

~ —1 ng/2-1
Dian gy = { T Irme/21702
(2.27) P
1 "
-277nl2g—n 1% exp I:— > 2 e Wilgqu, -, qpm,,):l
¥

s
(2.28) > ny = mn.
y=1

Proof. Necessity. The necessity of the condition (2.28) may be demon-
strated as in the proof of Theorem 8.

Sufficiency. If, in Theorem 2, welet [=1'=1,

_ 1 y
K(qu, - - -, gpm,) = (2m)~"?/%~"/* exp [" 5} 2o o iiilqu, - qu,)],
I

and

1
k(qu,  * *  @om,) = (2m)~"?2exp | — 5 Z'/’ﬁ({lu, s omy) |

then the functions (2.22) are such that (2.6) and (2.7) are true. Hence, the
desired result, (2.27), follows from the straightforward application of Theo-
rems 2 and 8.

It is apparent that many distributions of functions of chance variables
having a normal multivariate distribution may be derived by using Theorem
9. Some of these will be considered in §3.

3. Vector variates. In this section we apply the methods developed in §2
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to various problems in the generalized analysis of variance, relations between
sets of variables, and generalized periodogram analysis.

In order to do this with a minimum of duplication, two theorems in the
theory of quadratic forms are first stated. These theorems and their corol-
laries are useful in the theory of univariate statistical analysis. In Theorems
12 and 13, the previous theorems are used to obtain joint distributions of
functions which are quadratic forms in certain variables for fixed values of
other variables. These latter distributions are then transformed in order to
derive distributions which are useful in the theory of vector variates. The
notation and terminology have already been given in the first section of this

paper.
Let
011 012 ° °* 014
g21 022 * ° 02
oy = ) Op = 0,
Oi1 042 ° " 045

let 0i=0;/0;3, and let ¢i*i be the cofactor of ¢;;x in o; divided by o,
(j, k=1, - - - i), citr=gik,
Set
aij = Z XivXj,

and assume that ¢;, ¢, and a?*¢ are the same functions of the a;; that o, ¢*,
and o7*¢ are of the o;;. We shall refer to any determinant a; as a generalized
sum of squares since

a; = Z (An)z»

where
Xl Xyt * 0 Xl
Loy  X2up * ° ° Xoug
(3.1) Ay = ' ’
Xiuy  Xipy "~ *  Ligy

and the summation is for all the C» distinct selections of 7 integers uy, pa, - - -, p:
from1i, - -, n.

We remark that if 8,, is the regression coefficient of x, in the “true” re-
gression function of x; on xy, - - -, x;, where x1, - - -, x,, (p=17), are as-
sumed to have a normal multivariate distribution, then

a.iai

Big = — P
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Similarly, if b;, is the regression coefficient of x, in the sample regression func-
tion of x; on x4, - - -, s, then
aiﬂ‘

big = — —~
aii‘

In the following theorem it is shown that the coefficients of a transforma-
tion by which a definite quadratic form may be reduced to a sum of squares
are the regression coefficients. It is necessary to emphasize that although
much of this material is known, yet no complete treatment seems to exist.

THEOREM 10. There exist p linear forms
3.2) Vi = %5 — Zﬁiaxa
g

such that
g =2 92/

The proof is omitted. It is noted that the transformation (3.2) has unit
determinant.

CoRrROLLARY 1. Let

D(le, ) XW) = N((x')y (‘7)))
and let
D(Xu, ) xzm) = H D(xlh ] xp')°

Then if Vi, =2%i,—2 oy, it follows that

D(yi) = N(ya; o)
and

Dy, ** ,¥pn) = H H D).

The proof is omitted.

In Theorem 10 and Corollary 1 it was shown that variables which have a
joint normal distribution may be expressed in terms of variables which are
distributed independently in normal distributions. In the following corolla-
ries it will be shown that certain functions of the dependent variables are in-
variant under the transformation into independent variables and hence have
the distributions of the same functions of independent variables.
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COROLLARY 2. Let a! be the generalized sum of squares with the elements
ai = 2 YisYir, Shk=1,---,1.
Then ’
3.3) ai = a;.

Proof. Equation (3.3) is obvious when @¢; and @/ are written as sums of
squares of determinants as in (3.1).

COROLLARY 3. If a’i=a/ /al_.,* then, except for a set of measure zero,

. ’ 2
(3.4) a'f = ai; — ) wiy,
9

where
(3°5) Wig = Z Pavyiv
and the coefficients

g—1
(3.6) por = @150 = T b3

j=1
are such that
(3.7) Z pgr?kv = 60’:-

Proof. It follows from the definition of &'+ thatt
(3.8) a'i = a4y — 3 aigana’ML
g.h

From Theorem 1 and (3.8), it follows that
’ ’e 2
@i — " = 3wy,
g
for almost all sets of fixed values of yy, - - -, ¥i—1,n, Wheref

g—1
wi, = (a’0)71/2 (a£0 - Z b;ka:k)
K1
= (a'0)1i%).,.

* The functions a’i* and bi, are to be defined as are a® and b;, but with ajz replacing a;z,
(4, k=1, - - -, i). From Corollary 2 it follows that a’*=a’.

1 It is, of course, well known that two alternative expressions for a’ are a’i=as—  405,b%; and
a"i=ai—) 5 1biblragn.

t The function b;., is the coefficient of x, in the sample regression equation of x; on x3, - - - , %,
and b';., is the same function of the y;,.

(3.9)
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Hence, equations (3.4), (3.5), and (3.6) are true. Equation (3.7) may be veri-
fied by direct computation, or by employing the known properties of devia-
tions from sample regression functions to avoid that computation.

COROLLARY 4. The function wi, may be wriltten as

. i—1
(3.10) w;, = (a?)V/? (b£~a - Z br.oBix — 360)-
k=g+1
Proof. From (3.9) it follows that

’ ’
ai cet @1y

, .
Wig = (al’)_l“(a'tl—l)_l ' '
Ag-1,1" " Qg-1,9
' ’

aq Tt Gig
Now it may be shown that if
’ ! ’
an ot a1,9-1 Aiq
, .
Ky = ’ ’ ’ ’
Gg-1,1 * * " Gg-1,9-1 Gg-1,¢
’ ’ ’
an c ot Grg-1 Gr,q

where ¢ and 7 are positive integers such that g<¢<4; g <7 <1, then

q r
Ko = 2 2 BaBrKur,

pe=g vasg
where K, is the same function of the a;; that K;, is of the a:,. Then (3.10)
is a consequence of the fact that

K
bk, = ko

H k= g, 1.
Qg

Although Theorem 10 and Corollaries 14 are more than sufficient for the
consideration of the distribution of the generalized sum of squares, they do
not yield the distribution of the generalized correlation ratio and related sta-
tistics. It is for this reason that the following definitions, theorem, and corol-
laries are introduced.

Let

0:i1=2x»xm ng=0;n,=p;m~+ - +n. =1,
v

where » runs from #,+ - - - 4+#,_,+1 through #,+ - - - +n,, and let Ticn)
and a{,,, be defined as are a; and a® but with a;;, replacing ax;. Let a:,.,, i)y
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and a(}) be similar functions of the y;. Then there exist linear functions
Wig(yy SUuch that Corollary 3 is true for each value of 7.
Let s be a positive integer not greater than p, and let

Ois O+l " " Oip
Os+1,4 Ostle+l * " " Ostl,p .
T = , t=1,.--5s.
Opi Ops+l """ Opp
Let 77%¢ be the cofactor of o;; in 7; divided by =i, (5, k=4, s+1, - - -, p;
i=1,---,s). Let 7o be the cofactor of a;; in 7;, and let 7o be the cofactor of

o in 7o divided by 7,. Let d be the same function of the a;; that 7, is of the a;;.

THEOREM 11. There exist p linear forms, for a preassigned value of v,

P Tiii
zi”=xi“+z . Xivy 1,=1,"',S,

(3 . 11) jmatl T
Ziy = Xy, i=5+1,"‘,1’:

such that
s ¥4 i
¢ = 2 o'izyz;, + >, To’zivziuo
i, jm=1 1, jematl

The proof is omitted. It is noted that the transformation (2.36) has unit
determinant.

R. A. Fisher* has evaluated the difference between the sum of squares of
the deviations of y; from the sample regression function in y,, - - -, y:—1, and
the sum of squares of the deviations of y; from the sample regression function
iny, - -,y (<i—1). In order to state his result in terms of the functions

which are generally computed in least squares solutions, we define thei —k—1
rowed determinant

o =|aiti-1], ft=k41,---,i—1,

and let o}, be the cofactor of ¢’/*:i~1in a’ divided by o’. Then we may state
Fisher’s result as the following corollary:

CoROLLARY 1. If a"#® 45 the sum of squares of the deviations of y; from its
sample regression function in y,, - - -, yi, then the difference, a’i® —a's, is, for
almost all sets of fixed values of yu1, - - -, Vi—1,a, @ positive definite quadratic form
M Yi, - -+, Vin Of rank 1—k—1:

i—1
/ 4 ’
2 bibiwse.

7y te=k41
* See [16], §29.1.
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The proof is omitted. A simple proof may be given by means of Theorem
11 and the Jacobi ratio theorem™ in determinants.

We now use Corollary 1 to determine the change in the rank of a*induced
by the omission of several observations.

Let us define, for each value of ¢, (¢=1,- - -, n—m), a variable which
assumes only the values zero and one,

Vitty = 6v,n1+to

Then aj;, is the sum of squares of the deviations of y; from its sample regres-
sion function in yy, « - -, ¥i—1, Yit1, © - * 5 Vidnen,e

COROLLARY 2. The difference

i — ag
is, for fixed i and almost all sets of fixed values of yu, - - -, Yi1,n, @ quadratic
formin ya, - - -, Vi of rank n—mny.t

The proof is omitted.

The following corollary is useful in determining whether or not a set of
regression coefficients differ significantly from one another.

Let a!’ be the generalized sum of squares, the elements of which are
Z‘raik‘n (.7) k=1,---, i)) and let vi:a”‘_aﬁ)- e —a(::l)'

CoROLLARY 3. For any fixed value of i, and for almost all sets of fixed values
of Yu, * * * , Vi-1,n, the function v; is a quadratic form in ya, - - -, Vin of rank
(m—1)(—1) and is equal to

™ )
(3.12) E E aghy(b{g - btz )(bih - bfZ)-I
Y o.h

The proof is omitted.§

Let n'=m+ - - - +#n, and let u;=a’i—a’’i, where a’’i=a!’/a}’,. Then
we can state the following theorem:

THEOREM 12. Let
D(le, Y xpl') = N((x,); (0’)),
and let

* Turnbull [32], p. 77.
t The formula obtained by substituting in (3.11) does not provide a simple evaluation of the
difference.

1 The functions b.(] ) are the regression coefficients in the yth set of observations; in other words,
b is defined as is by, but with axs replacing az.
§ Certain special cases of (3.12) have been used by Welch [33] and Kolodziejczyk [22].
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D@y« +* 5 Xpn) = H DX, * =+ 5 Xpo)-
14
Then if n>n', the chance variables

’” 2
(3.13) am, Wi , Vi, U

are independently distributed, and have joint probability density

H{G(u.-; n—n', ¢")-Gvi; (m — 1)(5 — 1), ¢?)

(3.14)

| T GG 1, [ 1 GGethim = i+ 1, ]}

If n=n’, the chance variables a(,, wi, and v; are independently distributed
and have a joint probability density which may be obtained from (3.14) by sup-
pressing the terms involving u; and v,.

Proof. The chance variables (3.13) have been shown, in the corollaries to
Theorems 10 and 11, to satisfy the conditions of Theorem 8. The proof is then
completed by means of Theorem 9.*

The following corollaries are devoted to a consideration of the densities,
moments and possible ranges of certain chance variables. Applications of the
distributions are indicated.

CoroLLARY 1. Under the hypotheses of Theorem 12, it follows that
D(a®) = G(a’;n — i + 1, 0%),
and
D(at, - - - ,ar) = H D(a’).

Furthermore E{]] (a7} =]1,G\:, n—i+1, ¢%) and 0<ai< .

Proof. See Theorem 12 and Theorem 10, Corollary 2.

Since a;=a' - - - a, there may be deduced from Corollary 1 the distri-
bution and moments of the generalized variance,} the ratio of the generalized
variance to any of its principal minors,] and the quotient of any two of its
principal minors. There may also be deduced the joint distribution and mo-
ments of the generalized variance and some of its principal minors.

* This distribution is a generalization of that obtained by Bartlett [1], p. 268, starting from
Wishart’s distribution. It may be remarked that the use of Theorem 6 in conjunction with Theorem
12 yields a similar generalization of the results of Bartlett’s §2.

t See Wilks [34], pp. 477, 481.

} In the general case one has to transform Df(a!, - - - , a?) to find the probability that a ratio of
products of the variables a‘ exceeds a given quantity.
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In the theory of relations between two sets of variables,* there occurs a
statistic which measures the portion of the generalized variance of the first
set of variables which is due to the variables of the second set.

Let ¢, =2, —2iy, and assume £;, to be the same function of the a;; and ».,
that {;, is of the o;; and x;,. Furthermore, let

gii = 2 (%0 — £0) (%0 =€),
(3.15) 8in1 = Z (xiv - Et’r)(x:r - Eib)’

8ije = Z (51’1 - 3’.‘.)(5,':« - ;-1'7)1
and let
aij1 = fij1,

3.16
( ) Gije = 2 Eokiv.

It is well known that g;;=g:n+gi2 and a;;=a:1+aij. Obviously
8ii = aij, 'i,j=S+1,"’,P.

We shall define the residual variance in terms of what may be called the
generalized covariances. Set s<p—s, and let}

0 P 0 gistl ce - gip
W= (=] 00 et g F=1,1,s
* Gs+1,5 ° ° ° Bet+l,s fet+l,s41 " ° Batl,p ’ ’ ’
8pi " ps pst+l " Bpp

Then we note that from Theorem 11 and Theorem 8, the statistic

w | s g
18 p
B, =

gai2 © 0t Hss2

is the generalized variance of p —s observations of a vector variate which has
s—j+1 components and hence has the distribution and moments of such a

* See Hotelling [20]. A knowledge of §§1—4 of that paper is assumed.
t By W;, we shall mean the same function of the a;; that Wi, is of the gg;. It is noted that Wy, is
the numerator of the statistic g2 defined by Hotelling [20], p. 333.
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variance.* From Theorems 11 and 12 it follows that the parametric function
estimated by B;, is o /7.
Assume % >j. Since
Wi B

W, B

its distribution may readily be found in accordance with the preceding dis-
cussion of the distribution of the ratio of a generalized variance to one of its
principal minors.
Since Bj, and d are independent chance variables, the chance variable
% is a product of independent variances and has the distribution and
moments of such a product.}

COROLLARY 2. (a) If n>n', the chance variables al,, a’ have density

I16G — afy = -+ = alwy;n = #' + G = Dm — 1), o)
3.an
[ IIGGm;ny —j+1, «’)].
"
Furthermore
e{ 11 (a’)’“’[H <a1}>>""”]}
(3.18) ! Y
= H{3<>\5;” -+ 14D N, 0’) . I: IIGOy; 7y — 5+ 1,6’)]} )
H Y Y
and
(3.19) 0<ahy<a —aim—- —aly, Gimery = 0.

(b) If n=n’, the chance variables

1

a(y), 'Y=1;"'rm—1’
) .

acy, J=2,-,p5v=1---,m,
al, j=1---,p,

* The residual variance is defined to be By,=W),/d, and has the distribution of By, if and only
if 8ije= Gijzy (i!j=1) R} 5).

t If s=p—s=2, the statistic Wy, is the square of the covariance tetrad difference. Hence if the
two sets are independent, the distribution and moments of the covariance tetrad difference have
been derived. It is noted that the variables of either set may be intercorrelated. The correlation
tetrad difference will be discussed after Corollary 3. This analysis generalizes the discussions of
Wilks [35], and Wishart [40].
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have a joint probability density, joint moments, and possible ranges which are of
the same form as (3.17), (3.18), and (3.19) with the obvious differences caused by
the omission of a(m).

Proof. The corollary is an immediate result of the theorem on the trans-
formation of multiple integrals.

If n>n’, the joint density and moments of the chance variables a;,, a;,
(j=1, - - - ,4), may readily be obtained by transforming (3.17). The jacobian
of the transformation

1 i
Qi(y) = Q) " " Q)
a; = al P af
is

-1 -1
H ) [H aa(v)];
) v

and the possible ranges of the chance variables are

k )
ai Qj(m) Qj(y+1)
0 < orp < [I( - 22— ),
j=1 \ dj_1 aj—1(m) Qj-1(v+1)
(3.20)
1/k 1/k 1/k k
0 <ty < (8 — Gkem) — =+ * — Bik(y41)) -

Itis noted that if » =n', one may find the joint density of the chance variables

ai(y), 81,. 7=1)""m—1)
Qi(y)y 4aj, j=2)"':i;7=1,"',m7
in a similar fashion. The moments of the chance variables are most easily ob-

tained by means of Lemma 1 and (3.18).
The inequalities (3.20) are consequences of the fact that

k . . .
i i i
0< arm < II (a —Om) — " T a(7+1))
i=1

and of the application of the procedure of finding the extrema of a function
subject to several conditions.
From these distributions may be obtained the joint distribution of

ai(l), * * * , Ai(m), Ai

by integrating the other variables over their possible ranges as stated in
(3.20).
Let ¢}, =al,,/ai. Then we may state the following corollary:
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COROLLARY 3. (a). If n>n', then

D(c‘(l)s Ty C:m))
(3.21) i i . . "y
=D(6(1), Tty Cm)s "1_1'+1’ ] nm_1+1y n—n +(1'_ 1)(m_1))’
Dicwy, -, Cm, @)=D@) Dlew, - * , Cim),
and
1 1 ) % i
D(C(l), te )c‘(,m)va y T T yap) = HD(C(I)’ T ’c(m)’a)'
Furthermore

e{ I I e}
iy
= Hﬁ()\u, oy Nimym—i+1, - S e—it ], n—n'+(m—1)(i—1)),

and
i i i
0<em <1 —=c¢m — " = ciyn)-
(b) If n=n', the chance variables

1
C(7) 7=17"'vm—1’

) .
C)» ]=2)"';P;7=1)"'rm)

have a joint probability density, joint moments, and ranges which may be deter-
mined as above.

We shall call any statistic of the form

Qi)

Citm) =
3

a generalized correlation ratio. Then, since

1 i
Citv) = C(v) """ C(n)»
we may obtain the distribution and moments of the generalized correlation
ratio* and of the generalized Neyman-Pearson criteria.f
Applications of Corollary 3 occur in the theories of generalized periodo-

* See Wilks [34], p. 482.
t See Pearson and Wilks [29], and Wilks [34], p. 488. These criteria turn out to be functions
of products of generalized correlation ratios.
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gram analysis and relations between sets of variables. Of these, we first dis-
cuss generalized periodogram analysis.*
Let

k
Ziy = Xi» — z aii‘bi(t') ’

=0

and let the functions ¢o(¢), - - - , ¢u(f) be such that
Z¢i(tv)¢i(t') = 6")" 17] =0,---, k.

It is well known that if
D(zln R zp") = N((Z,); (d)), D(Zu, Tty zlm) = H D(zl" ) zw)’
and if

y‘#=2¢n(tr)xi-, i=l,~'-,p;p=0’-~-,k,

then
Dy — oy ** *  ¥ou — am) = N((3u — @); (9)), p=0,---,k,

and

3
‘D(ylo — a1, " Yk — apk) = H D(}’lu QY a,,,.).

u=0

Furthermore there exist linear functions

Yiu = D &ulls) i, p=k+1,--- ,n—1,

such that
D(ylm tet ’.Vpn) = N((yy); (‘7))’
n—1
Dk, * * y Fpma1) = 2, Dya -+, V),
pu=k+1
andf

Dy1o — a0, - * * ,¥pn) = D10 — a0, * * * ,¥pk — apk) DF1,k41, -+, ¥ pon1)

We consider our sample to contain an odd number} n, (n=2n'+-1), of ob-
servations, and let

* See Fisher [14], and Greenstein [17], for discussions of the Schuster periodogram in one
variable.

t This follows from Corollary 2 of Theorem 7.

t The adjustment to be made if #’ is even will be obvious. See Fisher [14], p. 60.
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polh) = mi,
2\12 2mwvj

¢21’(tr) = (’_‘> sin ™ ’
n

n

2\2 2mvj .
¢2f-1(t.)=(— cos ) j=1,c v =1--- n
n n
If k<n—1, it may be shown that a Neyman-Pearson X criterion* for the
hypothesis

a;; =0, t=1,---,p57=1,---,&k,

is given by a generalized correlation ratio

n—1

Zlynyf'
r—bkt ..
A=————, i, j=1,-+-,p.

n—1

Z Yiv)iv

v=1

However, if £=n—1, or if it is desired that the hypothesis be rejected if
and only if at least one of the statistics

n—1

Z YirViv = Yi2y—1Yj2v-1 — Yi,2vYi,2v
=1

(3.22) Cpzvy = )

n—1
E Yird v

y=1

7=1)"'7n,;i:j=1,'°')P)
differs significantly from one, some other approach to the problem of testing
the hypothesis that no period exists must be given.
Inasmuch as the joint distributions of statistics such as ¢, is quite com-
plicated,t we shall extend Fisher’s distribution{ only to the case p=2, and
shall use, in doing this, not the statistics (3.22) but the statistics

| ¥i29-15.2v1 + Yi2qYizy |
)

n—1
Z Yir)jv

Va1

(3.23) C2(2y) =

'Y=17"',”,;1::j=1’2'

* See Neyman and Pearson [27], and Wilks [34], p. 485.

t They may be found by means of the distributions of Corollary 3 and variables having a
normal multivariate distribution. Some notion of the complications may be gained by examining the
distribution for p=1.

1 R. A. Fisher [14], p. 57. The solution of a similar problem, if the variance and covariance
parameters are known, is carried through in the same way.
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The joint probability density of a subset cayy, Co2yy, * * * 5 Caczyp Of the set
(3.23), is, from (3.21),

T(n)T'(n' — 1/2) ko _1s
w0 (n' — )T (n' — (k + 1)/2){ I "”""’}

Sm1
1 == e[ B 12
: : H C1(2v3)
c2(27g) c2(271) =1
(I = 1@y =+ = Grew)™ T
Cacavp) Cacaypy\ '~ FHD 121
\1-— = = doyayy * *  derame
C1(27y) C1(29)

while the joint density of the entire set is

I(n")T'(n" — 1/2){ LAY } {fl e Y A SRR
- Hﬁz(z) f (Hcm ))
1rk/2l‘((k _3.])/2) =1 ! c2(2n’~2) c2(2) =1 Y

C2(2n’
(= ey — - - - — Creanr—gy)~V? (1 — 230
1 - Ci(2) — *°* — Ci1(2n’'—2)
C2(2n7~2) 12Y03) S
—_——— e — e — ) dcl(z) .« dcl(2n'—2)} .
C1(2n’'—2) C1(2)
If we denote the probability that

Caqayy > Oy, i=1,--,k,
for each selection of % integers from 1, 2,---, »n’, (k=1, 2,---, n’) by
P@,,, - - -, 6y,), then the probability that at least j of the events

Ca(2y) > Oy, y=1.--, ”"
occur is*

n'—j ity
(3.24) PP = (- 1y& S

yeu(0
where
Si+' = E P(o‘nv ] 01j+v)
and the summation is for all selections of j+» integers from 1, - - - , n.f
From (3.24), we can find the probability that the maximum of the sta-

tistics cey) €Xceeds a given quantity g, by lettingj=1and 6,= - - - =0, =g.

It is, however, a question whether only the maximum need be considered or

* See, for example, [25], p. 162. ,
t If 61=6y= - - - =0u, then SiH=C?+VP(ol; sy i)
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whether each statistic should first be tested and then, if % are significant, the
probability that the % greatest of the statistics should exceed a given quantity
g should be found.

We note that by using the corollaries to Theorem 13, other distributions
which may be used to test hypotheses in generalized periodogram analysis
may be obtained for p >2. However we shall not examine these here.

We now derive the joint distribution of g% and z* and the joint distribu-
tion of the two sample canonical correlations, which exist if s=2, when the
two sets are not completely independent.

The degree of independence which we admit is expressed by the assumip-

tion that there exist s linear functions y1,, - - -, ¥sy Of 215, - - -, %4y, and p—s
linear functions ¥s41,5, * * * , ¥p» Of Tsp1,sy - -+, Xpy, such that the probability
density of the chance variables

(3.25) Yivs i=1,--«,p;v=1--+,n,
is

(TR SR Y o |

20-p9) 5 U5

We first note that if p =0, the joint probability density of

Wi,  as
2 = =
q b
a,d ag)
and
ap as(1)
z = = )
a.,d a,
where}
A1) = I aml,
Gy = | @iz, L,j=1,-++,s5,

may be obtained from Theorem 12, Corollary 3, since both ¢? and z are in-
variant under the transformation, which we have assumed, carrying the
chance variables x;, into the chance variables (3.25), (p=0).

It follows from Theorem 9 and Corollary 3, that if we denote ay2/a1 by
R?) then the chance variables

* Hotelling ([20], p. 333) defined g2 and obtained on page 354 its distribution when one non-
vanishing canonical correlation parameter exists. The distribution of z in that case may readily be
obtained by the same procedure as that by which we shall obtain the joint distribution of g2 and z.

1 Hotelling ([20], p. 375) derived this distribution assuming s=p—s=2 and complete inde-
pendence of sets.

1 aij1 and a;3 are defined in (3.16).
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2 s 1 .
. R ,cw, ca, i=1,---,5s,
have density

{11 I((n— j +1)/2) |
M TG —s =+ D/ T = p+5—j+ /DTG - D/2)
(3.26) (1 = PY™HRF=OIN(L — R =PI (n/2, 1/2, (p — 5)/2, p°R?)

{ I (chyy) rrts=iv-1(c Y omsm it =11 — o) — c(’;))u—n/z—l} ,
j=2
where F(n/2, n/2, (p—s)/2, p®R?) is the hypergeometric function.* If s=2,
then g?=R?-c3), z2=(1—R?cg,, and

T(n)(1 — pH»/2

D(qg?, z) = (n—p+1)/2—1( 52} (p—3) /2—1
@) = G - T —7-2) " @)

(3.27) : f F(n/2,n/2, (o — 2)/2, p*la(t — 2 — ¢%) + ¢2])

q2z -1
-[x(l — z) + -—————] dx.
1—2—¢?
Then the general distribution may be similarly obtained as a multiple
integral. The joint moments of g% and z are obtainable directly from (3.26).
Another statistic which may occasionally be of interest is
2
p=%L
2
the distribution of which may be obtained as above. The factors of D are
ratios of independent variances rather than correlation ratios if the sets are
independently distributed.
The joint distribution of the two sample canonical correlation coefficients
may be evaluated by means of the relationsf

¢ = rird
z2=01—1r2)(1 — r2).

Since (g2, 2)/0(re, r2)=r2 —r2, if 72 >r2, it follows that the chance
variables r? and ry? have a density which may be obtained by transforming
(3.27).

o . . o 1/2 1/2
* The details consist of letting ¢= [a110s11,001—(01,041)2] /@s41,541, DOting that 61,e41=011 Ge41,e41

- (1—c¢/an)V?, using Corollary 3 and Theorem 9, and then employing the same procedure as that
adopted by R. A. Fisher [13].
t Hotelling [19], p. 335.
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The first measure of relations between two sets of variables, both of which
contained more than one variable, was the tetrad difference. However, as will
be shown, the probability density of the tetrad difference depends on the
“internal” correlation parameters even when the two sets are assumed to be
independent. It is this fact which makes it necessary that g2 be used instead
of the tetrad difference unless the correlation parameters are known.

To discuss the statistic
Wh
(3.28) Ty=—o
Q11 Qg2 * * * App
which is a generalization of the tetrad difference, we first note that if all the
variables are independent, or if we consider the statistic

Wi
811 822" " Lpp

in either of these two cases, the statistic is a product of independent de-
terminants of correlation coefficients and has the distribution and moments
of such a product.*

We now assume that s=p —s=2 and derive the distribution of the square
of the correlation tetrad difference under the assumption that the two varia-
bles of each set are correlated but that the two sets are independent.

Let the chance variables x;,, (=1, 2,3,4;»=1, - - - , n), have probability
densityt

’
T, =

2 —n/2

@0 (1 = p1a) (1 — pe)) "

1
- €xp [“ E(_l——{ > (va — 2p12%1,%9 + x:r)}

- p%g) v

1
- ——{ Z (x:v — 2p34%3,%4, + x:r) }].

2(1 - P§4) v

Now by (3.28),

2
a2 A2) 2
Tm = ‘—'——(1 - 734).
a1

* If all the variables are independent, then the p-rowed determinant of correlation coefficients
is the product of p—1 independent multiple correlation coefficients and has the corresponding dis-
tribution and moments. Wilks, [34], p. 492, first derived this distribution by the moment method.
Certain more general distributions, which do not depend on the vanishing of all the correlation
parameters may easily be derived.

t The assumption oys=1, (i=1, - - -, 4), involves no loss of generality since T}, is invariant
under the transformation ys,04= ;.
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Let

Then R?, V,, and V; are independent, and

2[0(n/2)*(1 — pis)"2(1 — ps))™'?
aL((n — 3)/2)T((n — 2)/2)T((» — 1)/2)
(R)V(1 — RY=B12F(n/2, n/2, 3/2, p1sR?)
V(1 — Vo)UF(n/2, n/2, 1/2, psVs).
From this may be found at once the moments and distribution of T'y,. The
distribution and moments of 7', may also be found.
Let b;jy=2 . ,a:jt, and let b;(,, biy, be defined as are ai,, and aly,. Let

b:jy, and so on, be similar functions of the variables y;,. Assume that b, =0,
and let

D(R? Vy, V,) =

(1 = V)12

3 i
Uity = b(py — ba-n.
We shall assume that #=#,4 - - - 4n,. This involves no loss of general-
ity, forif #>m+ - - - +n., we may extend the system bi;, to include b};m41.

THEOREM 13. Let D(x1y, - « - , Xp) =N((%,); (¢)), and let D(xy, - - - , Xpn)
=H,D(X1y, Tty x,,.). Then

D@iqy) = G(uiqy; m — i + 1, 0%,
D(ui(y)) = G(u;(.,); Moy o"), y=2,-+:,m,
D(Wf.,) = G(wf,; 1,0),
and

D@w) = II| 11 D || I D) |-

Proof. See Theorem 11.
COROLLARY 1.

i i i . i i i ;.
(3.29) Day, - - - »bam) =Glay;m — j+ 1,6V [1 G®lyy = biy-1y; 7y 0")
r=2

and
1 P 1 )
DBay, -+ ybwm) = [I DBy, - -+, bm).
i

Furthermore
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e{ T (st}

(3.30) e s
=11 Hé(m; 24 Ng) — 4+ 1= Ny, af)
i Y §=1
and
0 < by <bigy <-++ <bim < .
The proof is omitted.

Let df,)=b!,)/b},). The probability density and joint moments of the
chance variables di,, may be obtained by transforming (3.29) and (3.30).
Furthermore

0<df])<"’ <dfm..1)<1.
Let wl,,=b{,,/b{,,1- We can then state the following corollary:

COROLLARY 2.

Do) = Dmim+ -+ + iy — j + 1, nyy1),

1 » m—1 i
Dway, - * - omy) = [ I D@w),
i y=1
and
1 P 1 . 1 P 1 P
Dy, "+ ,0m-1), 8, ,a) =Dway, " ,0mn) D@, - -,a).

The proof is omitted. The moments and possible ranges of the chance vari-
ables w/,) are too well known to require statement here.

We are now able to derive several additional distributions of the general-
ized analysis of variance.

To do so, we need only note that

i
[
bicw = I bem»
[

and that the probability density and moments of the statistics b;,) may
therefore be obtained from Theorem 13, Corollary 1.
The probability density and moments of the statistics d,), where

biwn

dipy = ’

i(m)

may be similarly derived.
It may be remarked that the independence of the chance variables 7,
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permits the distributions depending on them to be expressed in terms of pre-
viously obtained distributions.

Distributions derived from Theorem 13 may be used in testing various
hypotheses in generalized analysis of variance, comparative analysis,* and
relations between sets of variables. The method to be used should be suffi-
ciently clear to make any further transformations here unnecessary.
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